We give several criteria of unitary similarity of a normal matrix A and any matrix B in terms of the Frobenius and spectral norms, characteristic polynomials, and traces of matrices.
In the process of proving we establish that a normal A and any B are unitarily similar if and only if A = B and tr A k = tr B k for k = 1, . . . , n. A similar statement was proved by Murnaghan [9] and, independently, by Ikramov [8] : two normal matrices A and B are unitarily similar if and only if tr A k = tr B k for k = 1, . . . , n (note that this statement does not follow directly from Specht's theorem, see [8] ). Our goal is to prove the following theorem in which we give several criteria of unitary similarity of a normal A and any B. Matrices that are unitarily similar to a symmetric matrix are studied in [1, 5] . (ii) B is normal (i.e., B satisfies one of 89 criteria of normality from [2, 6] 
Remark.
(a) If B is normal, then the condition A = B in (iv) can be omitted (see [8] or [9] ). It cannot be For example, if
, but A and B are not unitarily similar.
Proof of the implications (iv) ⇒ (iii) ⇒ (i)
Let A be an n × n normal matrix and let B be any matrix of the same size. First we prove (iii) ⇒ (i). Suppose that A and B satisfy (iii). Since A and B have the same characteristic polynomials, they have the same eigenvalues. Using transformations of unitary similarity (which preserve (iii)), we first reduce A to diagonal form and then B to upper triangular form with the same main diagonal, 
Proof of the implication (vi) ⇒ (v) ⇒ (iv)
Let A be an n × n normal matrix and let B be a matrix of the same size. The implication (vi) ⇒ (v) is obvious, let us prove (v) ⇒ (iv). 
Suppose that A and B satisfy (v). Without loss of generality, we assume that
and
Subtracting (1) from (2), we obtain
By (v), A + iI 2 = B + iI 2 , and so
Subtracting (1) from (4), we obtain
By (3) and (5),
and so tr A = tr B. The same reasoning to A k and B k instead of A and B ensure that
which proves (v) ⇒ (iv).
Proof of the implication (vii) ⇒ (i)
Let A be an n × n normal matrix and let B be any matrix of the same size. Suppose that A and B
satisfy (vii).
Since A and B have the same characteristic polynomial, they have the same eigenvalues. Using transformations of unitary similarity (which preserve (vii)), we reduce A to diagonal form, B to upper triangular form with the same main diagonal, and obtain 
. , λ i ).
Let us prove that
The minimal polynomial of 
Thus, we can suppose that l = s, then
in which Y = 0 and
The minimal polynomial of C is μ C (x) := (x − λ 1 ) · · · (x − λ s−1 ), and so
in which m := m 1 + · · · + m s−1 and 
